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Taylor Table

&

An Introduction to

Finite Difference Calculus

Second Session Contents:

1) Taylor Table
2) difference methods from arbitrary order
3) Polynomial Finite Difference

Second derivative
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Taylor Table Obtaining difference methods from arbitrary order
First derivative Q + ;(mr;\ +buj+cujy) =2
ax" J At ! ’
(%)} +oalau oy + bugy +euj) =7 w | (5,8 ()| (5 A | (5, A"
. u . " v T r au * ) AxT | e . . .
u; (U‘ ],- Ax (W)! Ax (W)J Ax (W)J Ax (5#), A '
Ar-('ﬂ) E \ n R R awjy | a |a(=v)-3 la-(=0"1 a- =0T e =05
St
bt b ° .
Al \g \ \d \ \d \
Gty | @ ja(=Y)5 ja =Yy ey ja =Yg e (Y 5 Cottey | o | e e | e (0T | e
bty | b [ b=t [ b= [ b (=) b=
\ \
Couj c o o o e ) a °
v e v [ B|=] - — la.bcl=—[V,-T.1]
voe v || e -

The columns whose summation is not zero, indicate the error value.
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Finite Difference by Polynomials Finite Difference by Polynomials
The second procedure for approximating a derivate is to represent the function Select the origin at x; Thus x; = =, ¥i.s = Ax and  x.. = TAx
as a polynomial. The coefficients of the polynomial are computed by
substitution of data (dependent variable) from a series of usually equally spaced fi=Ax + By +C=C

points of the independent variable.

fir = Axl,, + Brig, +C = A(AY)" + BlAv) +C
For example, consider a second-order polynomial (shown in the figure below):
Sir = AxL + Brir + C = A(YAX) + BirAn + C

From which it follows that:

S =Ax"+Bx+C

C=f
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TAx
* ARy
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Finite Difference by Polynomials Finite Difference by Polynomials
Now computing the first derivative If the spacing of points i, i+1 and i+2 is not identical as shown in the
af figure, a finite difference approximation of the derivative is found by the
e rAx+ B same procedure.
Aty + AsSUME x; = s v, = Axand x.; = () + a)Axhen
al g Bz_'ﬁ‘r+1ﬂ‘_r'ﬁ fi=C A
ali A Fur = AGAY) + B(AY) + C
Therefore, ﬂ ) for + T fier =T, fior = AQY + @) (AD) + B(Y + a)(Ax) + C /’,//—1—7_,_‘¥_',-:_\
iax YAx
Which is identical to second-order accurate forward difference expression From which it follows that:
obtained from Taylor series. C=1 ] .
o ) ) —fior + (Y + ) firy — (@7 + YOO f; ‘ T i .
The second derivative of function may be determined as: B= o0 AL [ Ax —>fe— aldx —
X —Tho+k fior = (Y + @) fiyy + @ f;
A FloxT = YA —_— A= _fur O afi af;
1 F(AY 7 A a() + a)XAx) 8
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Now computing the first derivative of function, one has

a
,—‘I =vAx+ 5
At dx
X = . . . .
(‘L,' -R ”:-,t,‘,+u+fr)'jm—m'+m:1,
axl; Y + a)Ax

—fir + O+ @) fr —alo + T)f
T a(y +a)Ax

Therefore, &/
ix

The second derivative of function can be determined as:

Pt =vA o AT TR
Therefore,
af _
o

Jior = OV + )iy +afi
aly +a)(Ax)"

aifinggy

oy hrmina

Solution

Jor = +a)fiy +af;

A) Taylor series expansions

af AT f (AT f .
X+ AX) = f K= —= + O(A
flx+Ax) ‘rm+m‘,h+ = - = mrum\)
. af (A0 3 (rAnTdTf . .
YAX) = f(x) + TAr=— — — + O(TAx
flx+ YAx) = flx) + A\ih + I PIET + O(YAx)

At At
af (A3 (rAx) '?—r+()cr/\\)"

(x4 YAX) = f(x) + YArv— +
st =5 arx ¥l Yioaxt

The three simultaneous equations can be solved for i f/dx"

Then:
A f  fir =Yl + Yo = fi

T
axT (Ax)" +0@n

Example
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Determine the approximate forward difference representation for " f/ix"
which is of the order Ax, by means of

A) Taylor series expansion

B) A third-degree polynomial passing through four points

Xi R R Figr X

oo e o e

Solution

10

B) Fitting the third-degree polynomial /(x) = Ax™ + Bx" + Cx + I through
the four equally spaced points. One can obtain:

Jivr = A(TAX)" + B(YAx)" + C(vAx) + D

Jior = A(YAN)" + B(vAx)" + C(YAx) + D

fior = AIAX) + BIAX)" + C(Ax) + D

fi=D

From which it follows that:
2 Ty = Uiy + VA fiy = YV

C
FAX

_ =Y fir + V¥ fiaxr = V0 fir + £, D=1
- F(AX)

B
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Solution Example
Now, the derivative of f(x)are determined as Determine a central difference approximation a;/ax for the unequally
ar af oy spaced grid points by polynomial technique.
— =YAr +¥By+C, —= =sAx+YB, —— =74
dix iax™ ax™
iy
Therefore, iy ! firr
IS Sior =Y i + iy — + OAY)
axT (AT
In addition, the first and second derivatives at / where x is zero, are
obtained easily as
Af_ o —far T —0fi + YE o i B T 1)
Wﬁrﬂ* (Axv) + O(As) e Ax —le— oAr —>
O _ ol M 2 Mar # W 2 WA e
ax FAX
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Solution Solution
The second-order polynomial is passed through the points x; = =, ., = aAx The first derivative of the function is
and %y = —Ax ar
Thus, g = A-AW + Bi-Ax) + C 3 = TAX+B
fhi=C
fior = AGAYY + BlarAn) + € Which at poinix; reduces to B. Therefore,
Af _ fin 0" = Nfi—a"fiy AT
Solving for the coefficients A, B and C, one finds i e T VAN +0(Ax)
A= foer — (@ + V) fi + aficy
- ala + VAT a7 7 7
. [ e — i . v
B fiy + (@ = V) fi—afi, Note that for & = 1 the expression reduces to 7 = *”T + O(AX)
- — [EA LA
ala + V)(Ax)
C=f
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